Analytic expressions are derived for the strain field due to a lattice-mismatched quantum wire buried in an infinite medium whose cross-section is composed of any combination of line elements and circular arcs. Expressions for the strain field for rectangular, triangular and circular quantum wires are found confirming published results. For the rectangular wire, useful limiting relations are obtained for the stress components close to the edge of the wire. Good agreement is demonstrated with measurements of lattice spacing reported by Chen et al. ͓Appl. Phys. Lett. 65, 2202 ͑1994͔͒ for an In 0.2 Ga 0.8 As/GaAs rectangular wire if the indium concentration is assumed to be 24%. The strain field of a single AlGaAs/GaAs crescent-shaped wire, with and without lateral wells, is presented. The lateral wells introduce only minor modifications to the strain distribution when compared to a wire of the same thickness but without lateral wells. For a crescent-shaped quantum-wire stack, it is found that the strain field of each wire is almost independent of other wires in the stack when the wire separation is five times the thickness or more.
I. INTRODUCTION
There has been a major effort over many years to enhance the properties of semiconductor devices by reducing the degrees of freedom of charge carriers. The development of quantum-well ͑QW͒ structures, in which electrons or holes are largely confined to two dimensions, has lead to a vast range of applications. Recent efforts have concentrated on reducing the dimensionality further to quantum-wire ͑QWR͒ and quantum-dot devices in which the carriers are restricted to one and zero dimensions respectively. Increased confinement of carriers means that QWR semiconductor lasers, for example, are expected to possess improved properties compared to QW devices. Predicted improvements include reduced threshold currents ͑approaching zero threshold͒, improved temperature sensitivity, narrower linewidths and increased differential gain, allowing higher-speed operation at reduced power. Significant progress has now been achieved in wire quality, uniformity and reproducibility since the first report of stimulated emission from a QWR structure in 1989 6 and, recently, a QWR laser demonstrated a record low threshold current for an edge-emitting laser of 188 A. 7 The benefits of incorporating strain in QW devices are well understood. 8 It is natural therefore to expect that strain will also prove an important factor in QWR devices and indeed a large proportion of the QWR structures grown to date have employed lattice-mismatched materials. Structures with in-built misfit strain may be designed with the appropriate characteristics to meet specific performance requirements. Relaxation of the in-built misfit strain in the crosssection, however, leads to nonuniform strain fields and these have a significant influence on the wire properties. On the other hand, the relaxation of the strain in two dimensions allows materials with a larger mismatch to be grown with, for example, InP/GaAs QWR systems with a mismatch of Ϫ3.7%, appearing to be dislocation-free. 9 Experiments on GaInP and GaAs/InGaAs strained QWR lasers have yielded low threshold currents, [10] [11] [12] justifying the early promise of QWR structures, and theoretical work focussing on strained systems has also produced new insight into their behaviour. 3, 9, [13] [14] [15] [16] [17] Calculations of the strain fields in QWR devices are required as a precursor to determining their optoelectronic, electronic and mechanical properties. Grundmann et al., 14 for instance, determined carrier confinement potentials and ground-state wave functions for crescent-shaped In 0.2 Ga 0.8 As/Al 0.2 Ga 0.8 As QWRs using the finite-element method to calculate the relevant strain fields. Nishi et al. 9 determined carrier confinement potentials in triangular InP QWRs and also employed the finite-element method to calculate the strain fields. Gosling and Willis 13 examined the electronic and mechanical properties of strained quadrilateral QWRs and provided complex analytic expressions for the stress components.
The most common method of calculating the strain fields is the finite-element method, primarily because there are many commercial packages available. Finite-element calculations can be cumbersome, however, because it is necessary to carefully mesh the structure and to refine the mesh so that consistent results are obtained. Results are obtained at mesh points and strain values at an intermediate coordinate are then obtained by interpolation. It is impossible to embed the QWR in a truly infinite matrix and the accuracy of the final results can be uncertain, particularly in regions where the strain is changing rapidly. This can pose problems in structures with sharp corners, such as occur in crescent-shaped QWRs for instance, and a very fine mesh is required in corner regions. Some trial and error may be required. Analytic expressions, where available, are preferred because they provide a quick and accurate method of obtaining the strain fields and provide an insight into the physics of the problem. Useful simple functional forms may also be found in certain limits. 16 Analytic expressions have, to date, only been pro-vided for the rectangular, 17 circular 17, 18 and trapezoidal QWRs. 13 In a recent paper, 15 the present authors presented a simple method for calculating the strain fields due to a uniformly-strained two-dimensional inclusion of arbitrary shape. The method is considerably more straightforward to implement than any alternative strain evaluation technique currently available, provided the materials are continuous, linear, isotropic and obey Hooke's laws. The primary limitations of this technique are that the elastic constants must be isotropic and constant for all materials. If the elastic constants are different for different materials, the superposition principle does not hold and the analytic approach is not exact. Even so, analytic methods are very useful and, as we demonstrate in Secs. II D and III, yield results which reproduce the strain distribution in real semiconductor wires to a very good approximation.
The method involves the evaluation of a contour integral where the contour is taken to be anticlockwise around the boundary of the inclusion. A brief summary of the method is presented in Sec. II. The contour integral is then performed analytically for two contour elements; a line element and an arc of a circle. Analytic expressions are provided in Sec. II for each case. These results may be used to obtain expressions for the stress field and hence the strain field inside and outside any QWR with a boundary composed of line elements and arcs. Section II also includes a geometrical interpretation of the stress field in terms of angles, some limiting expressions at large distances, and finally, a brief discussion of the choice of elastic constants for systems which include pre-strained elements. Results are checked in Sec. III by examining the strain field due to rectangular, triangular and circular QWRs and comparing to published results. Useful functional forms for the stress components close to the edge of the rectangular wire are presented. Section III also includes calculations of the lattice spacing for an In 0.2 Ga 0.8 As/GaAs rectangular wire and these are compared to measurements reported by Chen et al.. 19 Here the high sensitivity of the lattice spacing measurement to the misfit strain is demonstrated. Finally, Kapon and co-workers 6,10 examined a vertically stacked AlGaAs/GaAs QWR array and their structure is used as a basis for calculations of the strain field due to a single crescent-shaped QWR, with and without lateral wells, and a crescent-shaped QWR stack. These results are also presented in Sec. III and conclusions follow in Sec. IV.
II. THEORY

A. General theory
The basic theory for calculating the stress and strain fields for a misfitting QWR buried in an infinite medium has been published by Faux et al. 15 These results may also be obtained as a special case from the work of Eshelby. 23 In the theory that follows, the QWR is assumed to be buried in an infinite medium so that the effect of free surfaces is neglected and materials are assumed to be continuous, linear, isotropic and to obey Hooke's laws.
Three vectors may be defined as follows:
A xx ͑x,y ͒ϭϪ⌳ y 
͑2͒
where the contour integral is performed around the boundary of the QWR in an anti-clockwise sense and (x 0 ,y 0 ) are points on the boundary. 15 Equation ͑2͒ provides a simple method of numerically calculating stress fields inside and outside a QWR of arbitrary shape by discretising the QWR boundary and converting the contour integral to a summation. This was the approach adopted previously to numerically determine the strain fields due to a triangular wire. 15 Equation ͑2͒ might be expected to yield the relaxation stress ͑i.e., the change in the state of stress͒ rather than the true stress in the structure. The relaxation stress results from the relaxation of the pre-stressed QWR so that the true stress in the structure at a particular coordinate is obtained by simply adding the stress prior to relaxation to the relaxation stress at that point. The contour integral given by Eq. ͑2͒ ought to yield the relaxation stress but, for field points (x,y) located within the boundary of the QWR, a singularity occurs when the denominator in Eqs. ͑1͒ is zero. To correctly obtain the relaxation stress from Eq. ͑2͒ it is therefore necessary to add a term Ϫ R ␦ i j E2⌳ to the stress component i j , where ␦ i j is equal to 1 when iϭ j, zero otherwise, and R is equal to unity within the boundary of the QWR and zero outside. However, it is the true stress in a structure that is generally required. The true stress is obtained by adding the stress prior to relaxation to the stress relaxation. The stress prior to relaxation is equal to R ␦ i j E2⌳ for the stress component i j which exactly cancels the previous correction term. Thus, application of Eq. ͑2͒ yields directly the true stress components both inside and outside the QWR.
The choice of vectors in Eq. ͑1͒ is a convenient but not a unique set. Other choices will also yield the correct stress field on contour integration. In making this choice we have, in a sense, chosen the gauge of A in a manner similar to choosing the gauge of the magnetic vector potential in electromagnetism. The calculation is completed by employing the principle of superposition to calculate the stress at a point due to several strained wires; Hooke's laws are applied to obtain the strain and, if desired, the displacements are easily obtained from the strains. For simple geometries, Eq. ͑2͒ may be evaluated analytically. Analytic expressions are presented for a line element and for an arc of a circle in the following subsections. Figure 1 illustrates a line element forming part of the boundary of a QWR extending from coordinate (x 1 ,y 1 ) to (x 2 ,y 2 ). Equations ͑1͒ and ͑2͒ are used to obtain the following stress components; A stress component at an arbitrary point (x,y) inside or outside any QWR with a boundary comprised of line elements can be evaluated by adding the contributions due to each line element as given by Eqs. ͑3͒-͑5͒. The calculation is straightforward except at positions which result in the denominator of E or F becoming zero. This occurs when Bh 1 ϭHb 1 corresponding to the locus of points along the gradient as indicated by the dotted line in Fig. 1 . Along this line the stress components reduce to simpler forms retaining only the log term of Eqs. ͑3͒-͑5͒,
B. The line element
xx ϭ⌳ ͫͩ B D ͪ 2 ͑arctan Eϩarctan F ͒Ϫ ͩ BH D 2 ͪ ln ͩ d 2 d 1 ͪͬ , ͑3͒ yy ϭ⌳ ͫͩ H D ͪ 2 ͑arctan Eϩarctan F ͒ϩ ͩ BH D 2 ͪ ln ͩ d 2 d 1 ͪͬ , ͑4͒ and xy ϭ⌳ ͫͩ BH D 2 ͪ ͑arctan Eϩarctan F ͒ ϩ ͩ B 2 ϪH 2 2D 2 ͪ ln ͩ d 2 d 1 ͪͬ , ͑5͒xx ϭϪ⌳ ͩ BH D 2 ͪ ln ͩ d 2 d 1 ͪ , ͑6͒ yy ϭ⌳ ͩ BH D 2 ͪ ln ͩ d 2 d 1 ͪ , ͑7͒ and xy ϭ ⌳͑B 2 ϪH 2 ͒ 2D 2 ln ͩ d 2 d 1 ͪ .
͑8͒
Equations ͑3͒-͑5͒ also reduce to simpler forms for horizontal or vertical line elements. In particular, for a horizontal line element (Hϭ0) it is found that yy ϭ0, which indicates that horizontal line elements do not contribute to the y component of the stress. Similarly, for a vertical line element (Bϭ0), the result xx ϭ0 is obtained. These results are a consequence of the choice of the vectors A. Some interesting and useful special cases can be developed by considering a line element orientated along the x axis in the (x,y) frame with DϭB and Hϭ0, as illustrated in Fig. 2 where is the angle subtended at the field point (x,y) and the convention is used whereby is positive in the anticlockwise sense when sweeping from (x 1 ,y 1 ) to (x 2 ,y 2 ) ͑thus is negative in the example in Fig. 2͒ . The stress components i Ј j Ј in a new frame of reference (xЈ,yЈ) may now be straightforwardly evaluated by applying the standard two dimensional cartesian rotation matrix R so that rЈϭRr and i Ј j Ј ϭR i j R
؊1
. The rotation matrix is
where is the angle required to rotate the (x,y) frame to the (xЈ,yЈ) frame as illustrated in Fig. 2 and where , as before, is positive in the anticlockwise sense ( is negative in Fig.  2͒ . These results mean that the stress components arising due to a line element at an angle to the horizontal may be determined from angles and as follows: where the i j are obtained from Eqs. ͑9͒. Now consider the behavior of the stress components when the distance r from the origin is much larger than the line length D. Here the term ln(d 2 /d 1 ) reduces to Ϫ(D cos )/r and the angle can be approximated as (D sin )/r, where is the angle between the vector r and the line itself. This angle is illustrated in Fig. 2 where is positive for the case indicated. Substituting these results together with Eqs. ͑9͒ into Eqs. ͑11͒-͑13͒ yields
and
These expressions show that the contribution to the stress associated with any line element forming the boundary of a QWR falls off inversely with distance r, where r is the distance from the center of the line element, with the constants of proportionality determined from angles as indicated in Eqs. ͑14͒-͑16͒. Sample calculations reveal that these expressions are a very good approximation for rуD. Further, as the stress field outside a QWR involves contributions of the opposite sign from opposing sides of the wire, equivalent to a dipolar effect, we can also show from Eqs. ͑14͒-͑16͒ that the stress and strain due to an isolated QWR drops off as r
Ϫ2
in the far field regions. Figure 3 illustrates the geometry of this problem. Stress components are calculated using Eq. ͑1͒ with the contour integration carried out along the arc of a circle from 1 to 2 where both angles may take values between Ϫ and . The circle is centered at the origin and has a radius R. For each component of stress it is found that
C. Arc of circle
where u 1 ϭtan( 1 /2), u 2 ϭtan( 2 /2) and the functions F are:
where
3. An arc of a circle of radius R centered on the origin forming part of the boundary of a quantum wire. Important dimensions and angles are indicated.
The stress components are easily computed except in two situations where singularities occur and for which reduced forms are required. The first arises when R 2 ϭD 2 , in which case the field point (x,y) lies on a circle of radius R. Here the limiting value of the fourth term in each of Eqs. ͑18͒, ͑19͒, and ͑20͒ is zero. The second arises when the field point is located at the origin. In the limit D→0, both F xx (u) and F yy (u) become equal to arctan u, while F xy (u) is zero.
The contributions to a stress component from an arc of a circle can be added to contributions from line elements or other arcs to determine the stress component due to any QWR with a boundary comprising these elements. Application of these solutions are made in Sec. III.
D. Choice of elastic constants
In most theoretical analyses of stress it is assumed, as here, that the materials are isotropic and are thus characterised by two constants, the Young's modulus E and the Poisson's ratio . Some important quantities are sensitive to the choice of elastic constants, such as ⑀ xx ϩ⑀ yy , for example, which is incorporated into band structure calculations. This quantity is equal to ⑀ 0 (1Ϫ3)/(1Ϫ) within the boundary of a QWR and is sensitive to the choice of . An accurate determination of stress and strain therefore requires the most appropriate choice of the Young's modulus and the Poisson's ratio.
Several issues need to be considered in the choice of elastic constants for QWR structures. First, at least two different materials are used; second, the materials are generally semiconductor alloys; third, at least one of the materials is in a state of strain and finally, because of the crystal structure, the elastic constants are anisotropic. It is possible to interpolate between the known elastic constants for simple semiconductors to obtain values for alloys but the elastic constants of semiconductors in a state of strain are not generally known. It is also common practice to choose the same elastic constants for all materials as this greatly simplifies the strain analysis. Quite often this is the only practical policy. Keyes 20 showed that, to a very good approximation, the elastic constants in most III-V semiconductors depend chiefly on the nearest-neighbour lattice spacing and he proposed an empirical scaling relationship. Experimental results on the quaternary alloy GaInAsP have supported Keyes' scaling rule. 21 For strained QWRs structures, the Keyes scaling relationship suggests that it is most appropriate to choose the elastic constants of the barrier material for all materials in the system because, prior to the relaxation of the misfit strain, all materials possess the same lattice spacing. We note in any case that while the choice of Young's modulus E will affect the calculated stress values, the values of strain will be independent of E because ϰ E, while ⑀ depends on /E. The calculated strain values, however, depend quite sensitively on the Poisson's ratio value used. In a bulk cubic semiconductor, the value of the Poisson's ratio varies with crystal orientation, from a maximum value Ϸ1/3 for a stress applied along the ͑100͒ direction to a minimum value of Ϸ1/5 for a stress applied along the ͑111͒ direction. For a lattice-mismatched quantum well structure, the strain along the growth direction ⑀ Ќ is related to the in-built strain by ⑀ Ќ ϭϪ2⑀ 0 /(1Ϫ) leading to significantly different values of ⑀ Ќ in ͑100͒ strained quantum wells (⑀ Ќ ϷϪ⑀ 0 ) compared to the ͑111͒ case (⑀ Ќ ϷϪ 1 2 ⑀ 0 ). If we view the quantum well as the limiting case of a QWR of increasing width, it then becomes clear that there is a different ''best'' choice of for different QWRs. In many QWRs, however, one of the wire dimensions is typically several times larger than the other. The wire is usually narrowest along the growth direction. We propose that in such cases the best choice of Poisson's ratio is that associated with the given growth direction and adopt this approach in the next section when making comparisons with experimental data.
Finally, it is noted that Grundmann et al. 22 quote expressions for the interface pressure for an isotropic cylinder for the case where the elastic constants of the barrier differ from those of the quantum well. Their expression labelled ͑4e͒ is simply ⌳ in our notation and so, for a wire of circular cross-section, it is possible to estimate the correction which would apply if the elastic constants differ. For example, if is assumed the same for both the barrier and QWR and only E is permitted to take different values, it may be shown that
where the superscripts on the ⌳ indicate the quantities which are constant for both materials, and where E b and E w refer to the barrier and well. If is taken to equal 1/3, the fractional correction is about one quarter the fractional difference in Young's modulus. Wires of noncircular cross-section are likely to yield a similar correction. Keyes' scaling rule states that the elastic constants, c 11 and c 12 , depend on the lattice constant for a range of semiconductor materials. If the maximum difference in lattice constant between a relaxed QWR and the surrounding material is assumed to be 1%, it is possible to estimate the change in Young's modulus from the change in c 11 and c 12 . This leads to a change in E of about 6% and a correction to the isotropic approximation of about 1.5%, which is negligible.
III. RESULTS
A. Rectangular, triangular and circular wires
The analytic expressions for the stress components determined in Secs. II B and II C are used to evaluate strain fields due to rectangular, triangular, and circular QWRs. These serve as useful checks of the new expressions for sys-tems for which the strain fields are known and also provide the opportunity to derive analytic expressions for the stresses in certain limits.
For the rectangular QWR, the special choice of A vectors leaves only the horizontal boundaries contributing to xx and only the vertical boundaries to yy . Equations ͑3͒-͑5͒ reduce directly to the simple analytical expressions presented in earlier work. 17 The use of the contour integral provides further insight into the form of the stress field within the boundary of the rectangular QWR. Within Fig. 4 , the boundaries of the wire, the angle and distance r to boundary I are labelled. For the stress component yy , only the boundaries I and III contribute to the contour integral and so the integral to be evaluated is
where xЈϭlϪx is constant along boundary I, xЈϭϪlϪx is constant along boundary III and yЈϭr sin . Converting to an integral with respect to , it is easy to show that
which is a simple result previously published. 16 A similar analysis shows that xx ϭ⌳( 2 ϩ 4 ). These expressions provide a simple pictorial means of estimating the magnitude of xx or yy inside a rectangular wire 16 and also lead to a set of simple relationships as a function of distance along the center of the QWR (yϭ0). For a long thin wire, lӷc, and yy →⌳ 1 for points not far from the right-hand edge of the wire. If d is defined as the distance from the edge of the wire so that dϭlϪx, then yy →2⌳c/d for dϾc. Thus the stress component in the growth direction within the QWR falls off inversely with distance from the edge of the wire for the case of a rectangular wire with high aspect ratio. The x component of stress approaches 2⌳(Ϫc/d) under the same conditions so that the in-plane stress rises to its correct limiting value of 2⌳ as the distance from the edge increases.
The results for the rectangular QWR can be used to compare to the experimental data of Chen et al. 19 who took careful measurements of the lattice spacing as a function of distance through the center of a rectangular In 0.2 Ga 0. 8 The theoretical calculations assume that the strain relaxation in the z direction ͑the beam direction͒ is negligible so that the full misfit strain ⑀ 0 is maintained. This is justified because, although the sample has been thinned, the z dimension is still much larger than the thickness of the layer. The Poisson's ratio for GaAs of 0.311 is assumed for both materials, 24 appropriate for a stress applied along the ͓100͔ direction. The lattice constant of GaAs and InAs are 5.653 Å and 6.058 Å, respectively, and the lattice constant for the alloy is linearly interpolated between these values.
The solid curve in Fig. 5 presents the calculated lattice spacing assuming the stated composition of 20% indium. 19 The fit within the region of the QWR is poor. However, the calculated values of lattice spacing are very sensitive to the indium concentration and the Poisson's ratio used. The dotted curve shows the fit obtained keeping the same value of and assuming an indium composition of 24%. Equivalent agreement could be obtained by keeping the indium composition fixed at 20% and increasing the Poisson's ratio to 0.39. As [001] Ϸ0.35 in InAs, this value appears high and so we conclude that the composition stated by Chen et al. may be an underestimate of the true value. The presence of strain relaxation in the z direction would also lower the theoretical curves in Fig. 5 and lead to poorer agreement. The curves in Fig. 5 are very sensitive to the indium composition. Similar sensitivity of physical quantities to the strain had been noted in transmission electron microscopy experiments on wedgeorientated QWs 25 and emphasise the need for accurate strain evaluation.
We now turn our attention, briefly, to wires with different cross-sections. Again the primary purpose is to validate the analytic expressions. The stress field due to a triangular QWR is more complex but analytic expressions may be obtained by adding contributions to the boundaries using Eqs. ͑3͒-͑5͒. Results using the analytic expressions are identical to the numerical results presented in earlier work 15 for the triangular InP/GaAs QWR analyzed by Nishi et al. 9 Gosling and Willis 13 provide a complicated set of expressions for a trapezoidal QWR which, presumably, reduce to simpler forms for both rectangular and triangular wires.
Finally, results for a QWR with circular cross-section can be obtained from Eqs. ͑18͒-͑20͒ with 1 ϭϪ and 2 ϭ. The uniformly strained circular wire is a standard problem in strain analysis and results are well known. 9, 17, 18 The stress components obtained from Eqs. ͑18͒-͑20͒ reproduce the correct results and serve as a useful check for the analytic equations.
B. Crescent-shaped wires
The most common fabrication technique yielding crescent-shaped QWRs involves, as a first stage, patterning a ͑100͒ substrate, usually GaAs, with striped SiO 2 masks orientated along a ͓011͔ direction. A series of ͓011͔-orientated V grooves are then formed either by depositing material directly onto the masked surface or by etching. A saw-tooth surface with very sharp corners arises because the ͕111͖A crystal planes are the preferred growth or etch direction. Material is then deposited onto the V-grooved surface leading to crescent-shaped QWRs in the bottom of the valleys and thin QWs along the valley side. 6, 10, 11 This fabrication technique produces high-quality wires but the complex crescent shape has meant that previous workers have resorted to finiteelement techniques to evaluate the strain fields. In this section we demonstrate how the expressions derived in Sec. II can be used to determine strain fields analytically in these technologically important structures.
It is common practice to simplify strain and electronic structure calculations by ignoring the thin QWs on the valley sides and performing calculations on the isolated crescentshaped QWR. This may be justified because the lateral QWs are very thin. Nevertheless the properties of the wire are sensitive to the strain relaxation and it is important that this approximation does not remove key features of the strain field. Piezo-electric fields, for instance, are sensitive to the shear strain. This approximation is therefore explored in the work that follows.
We take, as a model system, a crescent-shaped QWR with dimensions based on those presented by Kapon et al. 10 in their study of the lattice-matched GaAs/AlGaAs system. Two sets of calculations are performed, one in which the thin lateral QWs are ignored and a second set which incorporates the QWs. For the first set of calculations the crescent-shaped QWR is described by two lines and two arcs. The lower arc has a radius of curvature of 13 nm and the thickness of the QWR is fixed at 10 nm. Geometry yields a radius of curvature of the upper arc of 26.66 nm. The line elements are angled at 54.74 o to the horizontal. We take the Poisson's ratio to be 0.311, the value for GaAs. 24 For the model system, we assume a nominal misfit strain ⑀ 0 of ϩ1% indicating that the wire is initially under tensile strain. The sign is reversed in the case of compressively strained wires and the results scale for other values of the initial strain. For example, for the GaAs/In 0.3 Ga 0.7 As system studied by Arakawa and co-workers, 11 the present results would be multiplied by Ϫ2. 15 .
The strain fields for the single QWR are plotted in Fig.  6 , using the notation of this paper with the wire pointing along the z axis and with the x and y axes representing the horizontal and vertical directions in Fig. 6 . We present the results in this way as it provides the clearest picture of the way in which the wire and the surrounding material are distorted. It is possible to convert the present results to give strains in terms of the cubic crystal axes by applying a rotation similar to that discussed in Sec. II B.
For the crescent-shaped wire, the strain has relaxed in both the x and y directions with the greatest relaxation, as expected, along the shorter (y) dimension of the wire which is along the growth direction. The maximum strain in the x direction is about 0.75% at the center and near the top of the wire where the width in the x direction is greatest. The sum ⑀ xx ϩ⑀ yy is equal to ⑀ 0 (1Ϫ3)/(1Ϫ) at all points within the QWR ͑zero outside͒ and this value is about 0.09% for this system. Indeed, ⑀ yy is negative within the QWR indicating that the material is now compressively strained in the y direction. ⑀ yy has a maximum compressive strain of Ϫ0.66% within the QWR. At the center of a rectangular wire with a high aspect ratio, in which the strain relaxation occurs predominantly in one dimension, ⑀ xx would tend to ⑀ 0 and ⑀ yy would be approximately Ϫ2⑀ 0 /(1Ϫ) ͑about Ϫ0.9% with the present choice of elastic constants͒. The crescent-shaped QWR has smaller peak strain values because strain relaxation occurs in two dimensions.
The shear strain increases towards the corners of the structure attaining a maximum magnitude of about 1.2%. The barrier material becomes strained due to the presence of the QWR, particularly in the region just below the wire. In the x direction, the maximum compressive strain in the barrier is Ϫ0.69%. In the barrier, ⑀ xx ϩ⑀ yy ϭ0. Figure 7 shows the strain fields in which the lateral QWs of the real structure are included. The lower arc, as before, has a radius of 13 nm and the thickness of the QWR remains at 10 nm. The thickness of each well is 2 nm 10 leading to a radius of curvature of the upper arc of 21.94 nm. Note that the calculated upper radii for both systems are similar to the value of 24 nm quoted by Kapon et al.
The maximum tensile value of ⑀ xx is about 0.82% at the center and near the top of the wire and its maximum compressive value is, as before, about Ϫ0.69% in the barrier. The strain fields are very similar in the systems with and without the lateral wells except at the corners. As the lateral QWs are thin, the contour integral contribution along the lower line is almost cancelled by an opposite contribution due to the contour integral contribution along the upper line. Thus we conclude that, as far as the strain fields are concerned, ignoring the lateral QWs is a very good approximation in all regions ͑including the barriers͒ except very close to the corners. Good agreement between strain fields is only achieved, however, because the lateral QWs are thin and because the thickness of each wire is fixed at 10 nm.
Finally, calculations are performed for a vertical stack of QWRs including the lateral QWs with a separation between the centers of the wires of 50 nm 10 equivalent to 5t, where t is the thickness of the wire. The influence of the surrounding wires on the strain field is minimal at this separation. The maximum tensile value of ⑀ xx within the wire decreases from about 0.82% for the single wire to about 0.76% for the stack. The maximum compressive value of ⑀ xx in the barrier changes from about Ϫ0.69% for the single wire to about Ϫ0.74% for the stack. The differences are more significant for reduced wire separation. For a 20 nm separation, for instance, the equivalent values are 0.51% and Ϫ0.93% respectively, with the correction due to the stack scaling as 1/separation 2 , as predicted by Eqs. ͑14͒-͑16͒. 
IV. CONCLUSIONS
Equations ͑3͒-͑20͒ enable strain fields in a wide range of QWR structures to be determined simply, rapidly and analytically, removing the need for finite-element or other more lengthy strain evaluation techniques. These expressions are checked against known results for rectangular, triangular and circular wires. For a rectangular wire with high aspect ratio, the analysis leads to a set of simple relationships for xx and yy as a function of distance along the center of the QWR. The stress component in the growth direction within the rectangular wire is shown to fall off inversely with distance from the edge of the wire and the in-plane stress rises to its limiting value of E⑀ 0 /(1Ϫ) as the distance from the edge increases.
Good agreement with measurements of lattice spacing reported by Chen et al. 19 for a In 0.2 Ga 0.8 As/GaAs rectangular wire is obtained provided the assumed indium concentration is 24%. The fit is very sensitive to the indium concentration and also to the Poisson's ratio. The strain field due to a single crescent-shaped wire, with and without lateral wells, is investigated. It is concluded that the strain fields are similar, except at the corners of the structure, provided the thickness t of the wire is the same in both cases and provided the lateral wells are thin. For a crescent-shaped QWR stack, it is found that the strain field of each wire is almost independent of the others in the stack provided the separation is 5t or more.
